We study theoretically the di-neutron spatial correlations and the crossover from superfluidity of neutron Cooper pairs in the 1 S 0 pairing channel to Bose-Einstein condensation (BEC) of di-neutron pairs for both symmetric and neutron matter in the microscopic relativistic pairing theory. We take the bare nucleon-nucleon interaction Bonn-B in the particle-particle channel and the effective interaction PK1 of the relativistic mean-field approach in the particle-hole channel. It is found that the spatial structure of neutron Cooper pair wave function evolves continuously from BCS-type to BEC-type as density decreases. We see a strong concentration of the probability density revealed for the neutron pairs in the fairly small relative distance around 1.5 fm and the neutron Fermi momentum k Fn ∈ [0.6, 1.0] fm −1 . However, from the effective chemical potential and the quasiparticle excitation spectrum, there is no evidence for the appearance of a true BEC state of neutron pairs at any density. The most BEC-like state may appear at k Fn ∼ 0.2 fm −1 by examining the density correlation function. From the coherence length and the probability distribution of neutron Cooper pairs as well as the ratio between the neutron pairing gap and the kinetic energy at the Fermi surface, some features of the BCS-BEC crossover are seen in the density regions, 0.05 fm −1 < k Fn < 0.7 (0.75) fm −1 , for the symmetric nuclear (pure neutron) matter. Pairing correlations, as collective phenomena found in various systems as liquid 3 He, superconductors, atomic nuclei, and ultracold atomic gases, play a crucial role in the fermion systems. When an attractive interaction between two fermions is weak, i.e., the pairing gap is much smaller than the Fermi energy, partner fermions can be treated as a delocalized Cooper pair with large overlap as described in the Bardeen-CooperSchrieffer (BCS) theory [1], displaying a strong correlation in the momentum space. If an interaction is sufficiently strong, fermion pairs become a spatially compact bosonic bound state and undergo Bose-Einstein condensation (BEC), showing a strong correlation in the coordinate space. As the strength of attractive interaction between two fermions increases, the pairing phenomenon evolves from BCS to BEC state. The transition between them, often referred as BCS-BEC crossover, brings a new insight into the pairing phenomenon. Although the BCS and BEC limits are physically quite different, the evolution between them was found to be smooth and continuous [2, 3, 4] .
expect that di-neutron correlations in low-density nuclear matter should be significant. It is well known that the bare nucleonnucleon interaction in the 1 S 0 channel leads to a virtual state around zero energy characterized by the large negative scattering length a ≈ −18.5 ±0.4 fm [5] . This implies a very strong attraction between two neutrons in the spin singlet state, although the neutron-neutron interaction is not strong enough to form a two-body bound state in free space. Furthermore, theoretical predictions suggest that at around 1/10 of the nuclear saturation density ρ 0 , the 1 S 0 pairing gap may take a considerably larger value than that around ρ 0 [6, 7] .
Weakly bound neutron-rich nuclei provide optimum circumstance to study di-neutron correlations in the low-density region, where the density around surface is unsaturated and the couplings to the continuum spectra play an essential role [8, 9, 10, 11, 12] . Originally the possible existence of a di-neutron near the surface of nuclei was predicted by Migdal in 1972 [13] . In his work, it was shown that although di-neutron is unbound in vacuum, it may form a bound state in a potential well if there is a single-particle level with energy close to zero. Subsequently, plenty of theoretical investigation based on either schematic or microscopic models displayed a clear signature of the strong dineutron correlation in the ground state, not only in light closedshell core plus 2n or 4n nuclei [14, 8, 15, 16, 17, 12, 18, 19] , but also in medium or heavy neutron-rich nuclei [20, 21, 22, 23] , as well as in infinite nuclear matter [24, 25] . It has been revealed that the concentration of small sized Cooper pairs in the surface of superfluid nuclei is a quite generic feature [23] . In fact, such a di-neutron correlation is in connection with the BEC-like behavior in infinite nuclear matter at low densities. Recently, a strong low-lying dipole strength distribution of the two-neutron halo nucleus 11 Li has been observed experimentally [26] . The spectrum was reproduced well by a three-body model with a strong di-neutron correlation [27, 28] .
Theoretical and experimental progress on di-neutron correlations in weakly bound nuclei has stimulated lots of renewed interests in possible BCS-BEC crossover of di-neutron pairs. The systematical analysis was performed in nuclear matter by using the bare force given by a superposition of three Gaussian functions, the finite-range Gogny interaction, and the zerorange contact interaction without or with medium polarization effects [29, 30, 31] . It was shown that the correlations between two neutrons get large as density decreases, and the spatial structure of neutron Cooper pairs changes. As a result, the BCS-BEC crossover occurs in the uniform matter at low densities. In particular, for the screened pairing interaction, a dineutron BEC state is formed in symmetric matter at around 0.001ρ 0 . The above results have been confirmed by a further study, where the change of sign of the density correlation function at low momentum transfer is taken as a criterion of the BCS-BEC crossover [32] . In addition, the coexistence of BCSand BEC-like spatial structures of neutron pairs was studied in the halo nucleus 11 Li as well [33] . It has been shown that as the distance between the center of mass of the two neutrons and the core increases, the two-particle wave function changes from the weak coupling BCS regime to the strongly correlated BEC regime. This result clearly confirms that a strong di-neutron correlation between the valence neutrons is present on the surface of the nucleus.
Details of the effective nucleon-nucleon force in nuclei are as yet not completely clarified since most of the experimental data in nuclear spectroscopy are not very sensitive to the details of the nucleon-nucleon force. Hence, in most of investigations on nuclear pairing correlations, for convenience, the effective nuclear forces such as zero-range contact forces or finite-range Gogny force, are used in the particle-particle (pp) channel. The effective interactions in relativistic mean-field (RMF) theory are also used in the pp channel [34, 35] . In order to obtain reasonable values for the gap parameter, one has to introduce an effective factor [35] . Hence, the properties of Cooper pairs and BCS-BEC crossover from these existing phenomenological calculations need further check. Furthermore, in the lowdensity limit, the interaction in the pp channel approaches the bare nucleon-nucleon interaction. Therefore, it is interesting to use the realistic bare nucleon-nucleon interaction in the pp channel and explore the BCS-BEC crossover at low densities.
In this work, the di-neutron spatial correlations in the 1 S 0 channel will be studied in a relativistic pairing theory, i.e., relativistic Hartree-Fock-Bogoliubov (RHFB) theory [34] , with the realistic bare nucleon-nucleon interaction, i.e., the relativistic Bonn potential [36] , in the pp channel. Then the BCS-BEC crossover phenomenon and the possibility of di-neutron BEC states at low densities will be discussed.
The RMF theory [37] has attracted lots of attentions during the last decades due to its great success in describing both nuclear matter and finite nuclei near or far from the stability line [38, 39] . In the RHFB theory, meson fields are treated dynamically beyond the mean-field theory to provide the pairing field via the anomalous Green's functions [34] . In the case of infinite nuclear matter, the Dirac-Hartree-Fock-Bogoliubov equation reduces to the usual BCS equation. For the 1 S 0 channel, the pairing gap function ∆(p) is,
where v pp (k, p) is the matrix elements of nucleon-nucleon interaction in the momentum space for the 1 S 0 pairing channel, and E k is the quasi-particle energy,
with the single-particle energy ε k , and the chemical potential µ.
The corresponding normal and anomalous density distribution function have the form,
The single-particle energy ε k follows from the standard RMF approach [37] ,
where the scalar mass M * = M + Σ S , Σ 0 the vector potential and Σ S the scalar potential. For nuclear matter with given baryonic density ρ b and isospin asymmetry ζ = (ρ n − ρ p )/ρ b , the above equations can be solved by a self-consistent iteration method with no-sea approximation.
The relativistic Bonn potential is used in the pp channel, which has a proper momentum behavior determined by the scattering data up to high energies [36] . It is defined as the sum of one-boson-exchange (OBE) of the several mesons φ = σ, ω, π, ρ, η, δ.
where ε * k is the effective single-particle energy
is a meson propagator with momentum transfer q = k − p, and F φ (q 2 ) is a form factor of monopole type,
with m φ the mass of meson, and Λ φ the cutoff parameter. η φ and A φ (k, p) are the vertex functions of the relativistic Bonn potential. For the 1 S 0 pairing channel, the matrix element v pp (k, p) is just the average of v pp (k, p) over the angle θ between the vectors k and p,
Bonn-B potential [36] is adopted for v pp (k, p). For the meanfield calculation in the particle-hole (ph) channel, the effective interaction PK1 [40] is used, since the results do not depend sensitively on various other parameter sets [41] . To investigate the spatial structure of neutron Cooper pairs, it is useful to look into its wave function represented as a function of the relative distance r = |r 1 − r 2 | between the pair partners. The Cooper pair wave function in momentum space Ψ pair (k) is just the anomalous density κ k , and its coordinate representation is deduced from the Fourier transform,
where C is the constant determined from the normalization condition
In Fig. 1 , the wave function of the neutron Cooper pairs Ψ pair (r) is shown as a function of the relative distance r between the pair partners at different neutron Fermi momenta k Fn . Nearly identical results are given for the symmetric nuclear matter (ζ = 0) and pure neutron matter (ζ = 1), except for k Fn = 1.2 fm −1 , where a larger amplitude of the first peak is obtained in pure neutron matter.
The radial shape of Ψ pair (r) changes as density decreases. When k Fn = 1.2 fm −1 and 0.8 fm −1 , the profile of the wave function Ψ pair (r) shows an oscillatory behavior convoluted by a decreasing exponent, which is a typical behavior of BCS state. A significant amplitude outside the first node is observed. As density goes down to k Fn = 0.4 fm −1 and 0.2 fm −1 , the wave function becomes compact in shape and the oscillation disappears, resembling the strong coupling BEC-like bound state. This indicates that a possible BCS-BEC crossover may occur in uniform matter at such low densities. At very dilute density of k Fn = 0.05 fm −1 , the wave function becomes more extended again and approaches to zero slowly.
Turning ones attention to short distance r, a suppressed amplitude around r = 0 fm is displayed at all densities, that is attributed to the strong repulsive contribution of v pp (k, p) at high momentum. In addition, for all the densities a peak appears around r = 1.0 fm, around which it has been confirmed that the pairing potential in the coordinate space v pp (r) reaches the strongest attraction [25] .
Furthermore, it is noteworthy that the evolution of the wave function with the density in Fig. 1 is similar to those for the proton-neutron pairing in ref. [42] in which a true bound state of deuterons is predicted in the low-density limit. Thus, one needs to explore whether a true di-neutron BEC bound state appears in nuclear matter as well. To illustrate a clear picture of di-neutron correlations, a twodimensional plot for the probability density r 2 |Ψ pair (r)| 2 of the neutron Cooper pairs for symmetric nuclear matter is shown in Fig. 2 , as a function of the neutron Fermi momentum k Fn and the relative distance r between the pair partners. A strong concentration of the probability density is revealed for the pair partners in a surprisingly small relative distance of r ∼ 1.5 fm in the density region about 0.6 fm −1 < k Fn < 1.0 fm −1 . This behavior has the same physical essence as the di-neutron configuration in the surface of superfluid nuclei as discussed in Refs. [22, 23, 33] . As a matter of fact, the pairing gap at the Fermi surface ∆ Fn ≡ ∆(k Fn ) also depends strongly on k Fn , and achieves a large value together with probability density in such a density region.
When the Fermi momentum is close to the saturation density, the probability density r 2 |Ψ pair (r)| 2 indicates a considerable distribution outside the first peak and extends to a large distance r. This phenomenon is well understood by the orthogonalization of the wave function for the paired particles with the remaining particles due to the Pauli principle, which expels the Cooper pair wave function outside. As density decreases, these amplitudes die out gradually and a compact structure appears at about 0.2 fm −1 < k Fn < 0.5 fm −1 . While going to lower densities of k Fn < 0.2 fm −1 , the probability density has a very small value and exhibits a long tail at large relative distance r. This behavior may be responsible for the appearance of halo structure in several neutron-rich nuclei at far distance away from the center [9, 10, 28] .
Since a strong di-neutron correlation is revealed at low densities from the Cooper pair wave function and the corresponding probability density, it is deserved to study the possibility of Bose-Einstein condensation and the BCS-BEC crossover phenomenon of di-neutrons as density decreases. In the whole debate around BCS-BEC transition the chemical potential µ plays a central role. It has been proved in an easy way that the gap in Eq. (1) together with the normal and anomalous density distribution function in Eq. (3) goes over into the Schrödinger-like equation for the neutron pair wave function Ψ pair (k), and the corresponding energy eigenvalue is related to the chemical potential [3] . In the case of the RMF approach, it is expressed as
where e(k) is the neutron kinetic energy,
ν n is the effective neutron chemical potential obtained by deducting momentum independent part from the chemical potential µ n ,
which could be regarded as half of the "binding energy" of a Cooper pair. At transition from the BCS regime of large overlapping neutron Cooper pairs to the BEC regime with true dineutron bound states, ν n is supposed to turn from positive to negative values. In Fig. 3 , the effective neutron chemical potential ν n as a function of the Fermi momentum k Fn in nuclear matter is given. The values of ν n decrease monotonically in both symmetric nuclear matter and pure neutron matter as density goes down, and come very close to zero at dilute area but never turn negative. It is then expected in this case that a true di-neutron bound state does not occur in nuclear matter, but the transition to BEC is very close in the low-density limit. The qualitative changes in the quasiparticle excitation spectrum have been suggested as another clear distinction between the BCS and BEC limits [43] , i.e., the momentum corresponding to the minimum in the excitation spectrum will shift from finite momentum in the BCS limit to zero momentum in the BEC limit, and the value of the pairing gap also changes from ∆ in the BCS limit to µ 2 + ∆ 2 in the BEC limit.
In Fig. 4 , the quasiparticle excitation spectra E k is shown as functions of k/k Fn at several neutron Fermi momenta in symmetric nuclear matter. The minimum of E k always appears around the Fermi momentum k Fn for all the densities, i.e., the minimum of E k approaches to zero momentum with the corresponding Fermi momentum but become zero only when k Fn = 0. Similar results are obtained for the pure neutron matter as well. Therefore, from the quasiparticle excitation spectrum, there is no evidence for the appearance of a true BEC bound state of neutron pairing with the realistic bare nucleon-nucleon interaction Bonn-B at any density, in agreement with that from the effective chemical potential ν n .
The analogies with other low-density Fermi systems, such as ultracold atomic gases, could be used to study the BCS-BEC crossover in nuclear matter as well. The neutron density correlation function is such a quantity that gives prominence to the relative strength between the mean field and the pairing field, which is defined as [44, 32] ,
At zero momentum transfer, the normal and anomalous density contributions I ρ and I κ respectively read
and they satisfy the sum rule
The change of sign of the density correlation function at low momentum transfer is taken as a criterion of the BCS-BEC crossover [44] , although further study argued that this criterion can be trusted only at small isospin asymmetry [32] .
In Fig. 5 , the density correlation functions at zero-momentum transfer D(0) and its normal and anomalous density contributions, I ρ (0) and I κ (0), are shown as functions of k Fn in nuclear matter. With decreasing density, I ρ (0) first drops down from 1.0, reaches a minimum at k Fn ∼ 0.2 fm −1 (ρ n /ρ 0 ∼ 10 −3 ), and then increases to 1.0 again. While I κ (0) gives an opposite trend and has no contribution when approaching to either the saturation density or the dilute density. This leads to a peak for the density correlation function D(0) around k Fn = 0.2 fm −1 , where the most BEC-like state may appear. It is consistent with the result of Ψ pair (r) shown in Fig. 1 , where the wave function behaves like a spatially compact bound state at k Fn = 0.2 fm −1 . Because the anomalous density contribution I κ (0) is always smaller than the normal one I ρ (0), the density correlation function never changes sign at all. According to the criterion mentioned above, di-neutrons are not in BEC state but just in the transition region between BCS and BEC regimes, that verifies the conclusion from the effective chemical potential and the quasiparticle excitation spectrum. To describe the BCS-BEC crossover quantitatively, lots of characteristic quantities have been introduced [29, 30] . The rms radius of the neutron Cooper pair ξ rms , i.e., coherence length, is a straightforward measure to evaluate the pairing size,
which can be calculated either from the Cooper pair wave function Ψ pair (r) or from κ k in the momentum space. The latter one is more suitable since the gap equation is solved in momentum space. The coherence length ξ rms has a solid meaning even in the strong coupling BEC case or the crossover region between BCS and BEC. For comparison, the average inter-neutron distance d n ≡ ρ −1/3 n is taken into account. If ξ rms > d n , the neutron Cooper pair is interpreted as an extended BCS-like pair, otherwise it will be considered as a compact BEC-like pair.
The coherence lengths ξ rms of the neutron Cooper pairs as a function of the neutron Fermi momentum k Fn in both symmetric nuclear matter and pure neutron matter are drawn in the upper-right panel of Fig. 6 . While k Fn decreases, the coherence lengths shrinks to ∼ 5 fm at density of 0.4 fm −1 < k Fn < 0.8 fm −1 (0.4 fm −1 < k Fn < 0.9 fm −1 ) for symmetric nuclear (pure neutron) matter. Then it expands again at very low densities. These features can be understood as follows. In comparison with the virtual S -state in the vacuum, the neutron pairs feel an extra binding due to the pairing correlation as density increases; while at large k Fn , the neutron pairs will strongly increase in size due to the Pauli principle. The difference of the coherence lengths between ζ = 0 and ζ = 1 at high densities is caused by the difference of the scalar mass M * . When k Fn < 0.7 fm −1 (k Fn < 0.75 fm −1 ) for symmetric nuclear (pure neutron) matter, it is seen that the coherence length ξ rms is smaller than the average inter-neutron distance d n , which could be treated as the signature of the BCS-BEC crossover.
In order to characterize the spatial correlation of the neutron Cooper pairs, one can introduce the probability P(r),
which gives the probability for the pair partners within a relative distance r. The probability P(r) for the neutron pair partners correlated within r = 3 fm is shown in the upper-left panel of Fig. 6 as a function of k Fn in symmetric nuclear matter and pure neutron matter. It reaches the maximum value of about 0.75 around k Fn = 0.75 fm −1 , and goes down at both lower or larger Fermi momentum. In the lower-left panel of Fig. 6 , the probability P(d n ), i.e., P(r) for the pair partners within the average interneutron distance r = d n , is plotted as well. The values of P(d n ) increase monotonically with decreasing density, and approach to 1.0 at dilute area. From a regularized pairing model [45] , it is suggested that the BCS-BEC crossover is determined by P(d n ) > 0.807 [29, 30] . This limits the Fermi momentum k Fn < 0.7 fm −1 in symmetric nuclear matter and k Fn < 0.75 fm −1 in pure neutron matter for the realization of the BCS-BEC crossover.
The BCS-BEC crossover is also explored by the ratio ∆ Fn /e Fn between the neutron pairing gap at the Fermi surface ∆ Fn and the neutron Fermi kinetic energy e Fn ≡ e(k Fn ). If the ratio is large enough, the neutron pairing is expected to be in the strong coupling regime. From the regularized model, the BCS-BEC crossover region is estimated as 0.21 < ∆ n /e Fn < 1.33 and the unitary limit is given at ∆ n /e Fn = 0.69 [29, 30] .
In the lower-right panel of Fig. 6 , the ratios ∆ Fn /e Fn plotted as a function of the neutron Fermi momentum are shown for both symmetric nuclear matter and pure neutron matter. As density decreases, the values grow up first and go into BCS-BEC crossover region at k Fn ∼ 0.75 fm −1 for symmetric nuclear matter and k Fn ∼ 0.8 fm −1 for pure neutron matter. It is found that the curves never intersect with the line of the unitary limit, namely, the neutron pairing does not go into the BEC regime. Then at very low densities with k Fn < 0.05 fm −1 , the results decrease again and return back to the BCS region. Based upon the above analyses, the BCS-BEC crossover is marked in the density region with 0.05 fm −1 < k Fn < 0.7 fm −1 for the symmetric nuclear matter and 0.05 fm −1 < k Fn < 0.75 fm −1 for the pure neutron matter.
In conclusion, the di-neutron spatial correlations and the BCS-BEC crossover phenomenon for nuclear matter in the 1 S 0 channel has been investigated based on the microscopic relativistic pairing theory with the effective RMF interaction PK1 in the ph channel and the realistic bare nucleon-nucleon interaction Bonn-B in the pp channel. It is found that the spatial structure of neutron Cooper pair wave function evolves continuously from BCS-type to BEC-type as density decreases, and a strong concentration of the probability density is revealed for the pair partners in the fairly small relative distance around 1.5 fm and the neutron Fermi momentum k Fn ∈ [0.6, 1.0] fm −1 , which is correlated with the di-neutron configuration in the surface of superfluid nuclei. In light of the evidence from the effective chemical potential, the quasiparticle excitation spectrum and the density correlation function, a true di-neutron BEC bound state does not occur at any density in nuclear matter. Neutron pairing is just in the transition region from BCS to BEC regime at low densities, and the most BEC-like state may appear at k Fn ∼ 0.2 fm −1 . From several characteristic quantities, such as the coherence length ξ rms , the probability P(r) with r = 3 fm and r = d n , and the ratio ∆ Fn /e Fn , the BCS-BEC crossover is found in the density region about 0.05 fm −1 < k Fn < 0.7 fm for pure neutron matter. The results reveal a strong correlation of neutron pairs at such densities.
